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DRINFELD DOUBLE OF DEFORMED QUANTUM
ALGEBRAS
ZHAOBING FAN AND JUNJING XING
Abstract. We provide a deformation, fβ , of Lusztig algebra f . Various
quantum algebras in literatures, including half parts of two-parameter
quantum algebras, quantum superalgebras, and multi-parameter quan-
tum algebras/superalgebras, are all specializations of fβ. Moreover, fβ
is isomorphic to Lusztig algebra f up to a twist. As a consequence, half
parts of those quantum algebras are isomorphic to Lusztig algebra f over
a big enough ground field up to certain twists. We further construct the
entire algebra Uβ,ξ by Drinfeld double construction. As special cases,
above quantum algebras all admit a Drinfeld double construction under
certain assumptions.
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1. Introduction
In [FL], the first author and Li constructed an algebra by using mixed
perverse sheaves on representation varieties of a quiver, and showed that the
algebra is isomorphic to the negative part of two-parameter quantum alge-
bras defined in literatures. As a byproduct, the half part of two-parameter
quantum algebras is isomorphic to that of Lusztig algebra f defined in [L10,
Chapter 1] after a twist involving only the second parameter. Later on, in
[CFLW], Clark-Fan-Li-Wang showed that under certain assumptions, the
half part of quantum superalgebras is isomorphic to its non-super analogue
after a twist. These results provided a novel way to study problems related
to two-parameter quantum algebras/quantum superalgebras, for example,
in [C17], the author showed that knot invariants from quantum algebra and
its super analogy are the same using the twist in [CFLW].
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It’s a natural question how far the above results can be generalized to? In
this paper, we provide a deformation fβ of the Lusztig algebra f associated
with a Cartan datum (I, ·) over F, where F is a ground field containing Q(v)
and α, β : N[I] × N[I] → F are two multiplicative bilinear forms. Various
quantum algebras in literatures, including two-parameter quantum algebras
in [FL], quantum superalgebras in [CHW], multi-parameter quantum alge-
bras in [HPR] and multi-parameter quantum superalgebras in [KKO], are
all specializations of fβ. We further show the following theorem (Theorem 1
in Section 2.2).
Theorem A For all homogenous elements x, y ∈ fβ, let x ∗ y = γ(|x|, |y|)
xy, then
(fβ , ∗) ≃ f ⊗Q(v) F,
where γ : N[I]×N[I]→ F is a multiplicative bilinear form satisfying (5).
As special cases, Theorem A shows that half parts of those quantum alge-
bras are isomorphic to Lusztig algebra f after certain twists. This partially
answers the earlier question we raised. Theorem A also indicates that there
might be some relationships among the representations of those quantum
algebras. In fact, in [FLL], Fan-Li-Lin proved that the categories of weight
modules of those quantum algebras are all equivalent.
We note that the twisted ∗-product on fβ is a variant of the deformations
defined in [FL, Section 4] (resp. [CFLW, Section 2]) relating one-parameter
quantum groups to its two-parameter analogy (resp. super analogy). Sur-
prisingly, the choice of γ(−,−) in Theorem A is not unique. So Theorem
A not only generalizes the results in [FL] (resp. [CFLW]) to other quantum
algebras, but also discovers new phenomena for two-parameter quantum
algebras (resp. quantum superalgebras).
Drinfeld [D87] built a braided Hopf algebra out of any finite-dimensional
Hopf algebra with the invertible antipode, which is called “the Drinfeld
double construction”, providing the solution of the Yang-Baxter equation.
In recent years, Drinfeld doubles have been studied by various authors as a
useful tool of recovering the entire quantum groups from half parts. Xiao
[X97] got a complete realization of quantum groups by applying the reduced
form of the Drinfeld double of a Hall algebra to the generic composition
algebra. Benkart-Witherspoon [BW] characterized two-parameter quantum
groups of type A as the Drinfeld double of the certain Hopf subalgebras
with respect to a skew-dual paring. Following this work, Bergeron-Gao-Hu
[BGH] provided the Drinfeld double construction of two-parameter quantum
groups of types B, C and D. Moreover, Hu-Rosso-Zhang [HRZ], Hu-Zhang
[HZ] and Gao-Hu-Zhang [GHZ] gave the Drinfeld double construction of
two-parameter quantum affine algebras Ur,s(ŝln), Ur,s(C
(1)
n ) and Ur,s(G
(1)
2 ),
respectively.
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In this paper, we study the entire quantum group of the algebra fβ by
constructing a Drinfeld double Uβ,ξ, where ξ : N[I] × N[I] → F is a sym-
metric multiplicative bilinear form. As special cases, two-parameter quan-
tum algebras, quantum superalgebras, and multi-parameter quantum alge-
bras/superalgebras all admit a Drinfeld double construction.
This paper is organized as follows. In Section 2, we provide the deforma-
tion fβ of Lusztig algebra f in [L10, Chapter 1] and show that fβ is isomorphic
to the ordinary quantum algebra up to a twist. In Section 3, we construct
the Drinfeld double, Uβ,ξ, of the algebra fβ as a Hopf algebra. In Section 4,
we provide various specializations of Uβ,ξ which are shown to be isomorphic
to various quantum algebras in literatures.
Acknowledgements.The first author thanks Zongzhu Lin for earlier dis-
cussions which motivate this project. We thank Yiqiang Li, Sean Clark and
Weiqiang Wang for fruitful collabrations, which provided some examples
for this project. Z. Fan is partially supported by the NSF of China grant
11671108, the NSF of Heilongjiang Province grant LC2017001 and the Fun-
damental Research Funds for the central universities GK2110260131.
2. Deformation of half part of quantum algebras
In this section, we provide a deformation, fβ, of the Lusztig algebra
in [L10, Chapter 1] depending on two multiplicative bilinear forms α, β :
N[I]× N[I]→ F and study some examples of fβ.
2.1. Deformation of the Lusztig algebra. Let us fix a Cartan datum
(I, ·). We simply write di =
i·i
2 and aij = 2
i·j
i·i . Let v be an indeterminate.
We set vi = v
di for all i ∈ I. Given a field F containing Q(v), let α, β :
N[I]×N[I]→ F be two multiplicative bilinear forms satisfying the following
properties:
(i) β(i, j)α(j, i) = β(j, i)α(i, j), ∀i, j ∈ I;
(ii) β(i, j)β(j, i) = 1, ∀i, j ∈ I, we further assume that β(i, i) = 1.
Let ′f be the free unital associative F-algebra generated by {θi, i ∈ I}.
The algebra ′f is an N[I]-graded algebra if we set the grading of θi to be i.
For any homogenous element x ∈ ′f, we denote by |x| the grading of x.
We define an algebra structure on ′f⊗ ′f by
(x1 ⊗ x2)(y1 ⊗ y2) = v
−|y1|·|x2|β(|x2|, |y1|)x1y1 ⊗ x2y2,
for any homogenous elements x2, y1 ∈
′f.
Let r : ′f→ ′f⊗ ′f be the F-algebra homomorphism such that
r(θi) = θi ⊗ 1 + 1⊗ θi, ∀i ∈ I.
Proposition 1. There is a unique symmetric bilinear form (−,−) : ′f× ′f→
F such that
(a) (1, 1) = 1 and (θi, θj) = δij(1− v
−2
i )
−1, ∀i, j ∈ I;
(b) (x, y′y′′) = (r(x), y′ ⊗ y′′), ∀x, y′, y′′ ∈ ′f;
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(c) (x′x′′, y) = (x′ ⊗ x′′, r(y)), ∀x′, x′′, y ∈ ′f.
Here the bilinear form on ′f⊗ ′f is defined by
(x1 ⊗ x2, y1 ⊗ y2) = α(|x1|, |x2|)(x1, y1)(x2, y2),
for any homogenous elements x1, x2, y1, y2 ∈
′f.
Proof. The proof for Proposition 13 in [FL] works through if we replace
t2(2δijΩii−Ωij) and tΩji−Ωij by corresponding bilinear forms α(i, j) and β(i, j),
respectively. For part (c), one need use the property (i). 
Let J be the radical of the bilinear form (−,−). It is clear that J is a
two-sided ideal of ′f. Denote the quotient algebra of ′f by J by
fβ =
′f/J.
For any i ∈ I, let ri(resp. ir) :
′f → ′f be the unique linear map satisfying
the following properties:
ri(1) = 0, ri(θj) = δij , ∀j ∈ I and ri(xy) = v
−i·|y|β(i, |y|)ri(x)y + xri(y);
ir(1) = 0, ir(θj) = δij , ∀j ∈ I and ir(xy) = ir(x)y + v
−i·|x|β(|x|, i)xir(y).
By an induction on |x|, we can show that r(x) = ri(x) ⊗ θi (resp. r(x) =
θi⊗ ir(x)) plus other terms. By this property, we have the following lemma.
Lemma 1. (a) For any x, y ∈ ′f, we have
(yθi, x) = α(|y|, i)(y, ri(x))(θi, θi) and (θiy, x) = α(i, |y|)(θi, θi)(y, ir(x)).
(b) For any i ∈ I, the linear maps ir, ri :
′f→ ′f send J to itself.
By using the same argument as that for Lemma 1.2.15 in [L10], we have
the following lemma.
Lemma 2. If a homogenous element x ∈ fβ satisfies that ri(x) = 0 (resp.
ir(x) = 0) for all i ∈ I , then x = 0.
For any n ∈ N and c ∈ F, we set
[n]c =
cn − c−n
c− c−1
, [n]!c =
n∏
k=1
[k]c and
[
n
k
]
c
=
[n]!c
[k]!c[n− k]
!
c
.
Let
θ
(n)
i =
θni
[n]!vi
.
By using (1 ⊗ θi)(θi ⊗ 1) = v
−2
i (θi ⊗ 1)(1 ⊗ θi) and the quantum binomial
formula in [L10, Section 1.3.5], we have the following lemma.
Lemma 3. We have ir(θ
(n)
i ) = v
−(n−1)
i θ
(n−1)
i for any n ∈ N and i ∈ I.
Proposition 2. The generators θi of fβ satisfy the following relations.∑
k+k′=1−aij
(−1)kβ(i, j)−kθ
(k)
i θjθ
(k′)
i = 0, ∀i 6= j ∈ I.
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Proof. For simplicity, we write
(1) Dij :=
∑
k+k′=1−aij
(−1)kβ(i, j)−kθ
(k)
i θjθ
(k′)
i , ∀i 6= j ∈ I.
By Lemma 2, we only need to show that lr(Dij) = 0 for any l ∈ I. It is
clear that
(2) lr(Dij) = 0, if l 6= i, j.
By Lemma 3 and the definition of ir, we have
ir(θ
(k)
i θjθ
(k′)
i ) = ir(θ
(k)
i θj)θ
(k′)
i + v
−i·(ki+j)β(ki + j, i)v
−(k′−1)
i θ
(k)
i θjθ
(k′−1)
i
= v
−(k−1)
i θ
(k−1)
i θjθ
(k′)
i + v
−i·(ki+j)β(j, i)v
−(k′−1)
i θ
(k)
i θjθ
(k′−1)
i
= v
−(k−1)
i θ
(k−1)
i θjθ
(k′)
i + v
−k
i β(j, i)θ
(k)
i θjθ
(k′−1)
i .
So ir(Dij) is equal to∑
1≤k≤1−aij
(−1)kv
−(k−1)
i β(i, j)
−kθ
(k−1)
i θjθ
(k′)
i
+
∑
0≤k≤−aij
(−1)kv−ki β(i, j)
−(k+1)θ
(k)
i θjθ
(k′−1)
i
=
∑
0≤k≤−aij
(−1)(k+1)v−ki β(i, j)
−(k+1)θ
(k)
i θjθ
(k′−1)
i
+
∑
0≤k≤−aij
(−1)kv−ki β(i, j)
−(k+1)θ
(k)
i θjθ
(k′−1)
i .
By comparing the exponents of vi and β(i, j), we have
(3) ir(Dij) = 0.
By Lemma 3 and the definition of jr again, we have
jr(θ
(k)
i θjθ
(k′)
i ) = v
−kj·iβ(ki, j)θ
(k)
i θ
(k′)
i .
So jr(Dij) is equal to ∑
k+k′=1−aij
(−1)kv−kj·iθ
(k)
i θ
(k′)
i
=
∑
k+k′=1−aij
(−1)kv
−kaij
i
[
1− aij
k
]
vi
θ
(1−aij)
i .
By Section 1.3.4 in [L10],∑
k+k′=1−aij
(−1)kv
−kaij
i
[
1− aij
k
]
vi
= 0.
So we have
(4) jr(Dij) = 0.
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Proposition follows (2),(3) and (4). 
2.2. Relation to the Lusztig algebra. Recall the definition of β(−,−)
from the Section 2.1. We assume that there exits a multiplicative bilinear
form γ : N[I]× N[I]→ F satisfying the following property:
(5) γ(i, j) = γ(j, i)β(j, i), ∀i, j ∈ I.
We define a new multiplication “ ∗ ” on fβ as follows.
x ∗ y = γ(|x|, |y|)xy, for all homogenous elements x, y ∈ fβ.
Recall that f is Lusztig algebra defined in [L10, Chapter 1] associated to
a Cartan datum (I, ·). Let fF = f ⊗Q(v) F.
Theorem 1. If there exists γ(−,−) satisfying (5), then the map η : (fβ, ∗)→
fF sending θi to θi for all i ∈ I is an algebra isomorphism.
Proof. By using (5) and Proposition 2, the algebra (fβ, ∗) is generated by
θi, i ∈ I and subjects to the following relations:
D′ij :=
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
θ∗ki ∗ θj ∗ θ
∗k′
i = 0.
Thus,
η(D′ij) =
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
θki θjθ
k′
i = 0.
This finishes the proof. 
Remark 1. In general, the choice of γ(−,−) satisfying (5) is not unique if
it exists. Therefore the twist in Theorem 1 is not unique.
2.3. Examples. In this subsection, we shall give some examples of fβ. Al-
though the results for Examples 1 and 2 have been found in [FL] and
[CFLW], respectively, by Remark 1, the twists in Examples 1 and 2 are
not unique. We shall provide a new twist for two-parameter quantum alge-
bras (resp. quantum superalgebras). To the best of our knowledge, results
for Examples 3, 4 and 5 are new in literatures.
Example 1. We briefly review the two-parameter quantum algebra fv,t
defined in [FL], where t is the second indeterminate.
For a fixed Cartan datum (I, ·), let Ω = (Ωij)i,j∈I be an integer matrix
satisfying that
(a) Ωii ∈ Z>0, Ωij ∈ Z≤0 for all i 6= j ∈ I;
(b)
Ωij+Ωji
Ωii
∈ Z≤0 for all i 6= j ∈ I;
(c) the greatest common divisor of all Ωii is equal to 1;
(d) i · j = Ωij +Ωji, ∀i, j ∈ I.
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The two-parameter quantum algebra fv,t associated to Ω is the associative
Q(v, t)-algebra generated by θi,∀i ∈ I and subjects to the following relations.∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
tk(Ωij−Ωji)θki θjθ
k′
i = 0, ∀i 6= j ∈ I.
We set F = Q(v, t) and
(6) β(i, j) = tΩji−Ωij , α(i, j) = t2(2δijΩii−Ωij), ∀i, j ∈ I.
We further set γ(i, j) = tΩij−2δijΩii , ∀i, j ∈ I. Under these settings, Prop-
erties (i), (ii) in Section 2.1 and (5) hold, and the construction in Section
2.1 turns into the construction in [FL, Section 3]. Under the specialization
(6), fβ is exactly the algebra fv,t. By Theorem 1, (fv,t, ∗) is isomorphic to
f ⊗Q(v) Q(v, t), where x ∗ y = γ(|x|, |y|)xy. This result has been found in
[FL]. We note if we set
γ(i, j) = vi·jtΩij , ∀i, j ∈ I,
the result in Theorem 1 still holds.
Example 2. Recall the definition of the quantum superalgebra fv,i from
[CHW]. We assume that (I, ·) is a bar-consistent Cartan super datum. By
bar-consistent, we mean that di is odd if and only if i is odd. Let P : I → Z2
be the parity function such that P(i) = 1 if i is odd and 0 otherwise. We
set t = i, the complex number such that i2 = −1, and q = v−1t.
The quantum superalgebra fv,i associated to (I, ·) is the associative Q(v, i)-
algebra generated by θi,∀i ∈ I and subjects to the following relations.∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
tki·j+2kP(i)P(j)θki θjθ
k′
i = 0, ∀i 6= j ∈ I.
We set F = Q(v, i) and
β(i, j) = ti·jt2P(i)P(j), α(i, j) = 1, ∀i, j ∈ I.
In particular, β(i, i) = 1. We further fix an order “ < ” on I and set
γ(i, j) =


ti·j if j < i,
tdi if j = i,
t2P(i)P(j) if j > i.
Under these settings, Properties (i), (ii) in Section 2.1 and (5) hold, and the
construction in Section 2.1 turns into the construction in [CHW]. Moreover,
we have
fβ = fv,i.
By Theorem 1, (fv,i, ∗) is isomorphic to f ⊗Q(v) Q(v, i), where x ∗ y =
γ(|x|, |y|)xy. This result has been found in [CFLW]. If we set
γ(i, j) =


t2i·j if j < i,
tdi if j = i,
ti·jt2P(i)P(j) if j > i,
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the result in Theorem 1 still holds.
Example 3. Recall the definition of the multi-parameter quantum algebra
fv,q from [HPR]. For a fixed Cartan datum (I, ·), let A = (aij)i,j∈I be an
associated generalized Cartan matrix and qij, ∀i, j ∈ I, be indeterminates
over Q such that qijqji = q
aij
ii . We set q = (qij)i,j∈I and further assume that
(7) qii = v
−2
i , ∀i ∈ I.
The multi-parameter quantum algebra fv,q associated to (I, ·) is the as-
sociative Q(v, q
1/2
ij )-algebra generated by θi,∀i ∈ I and subjects to the fol-
lowing relations.∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
v−ki·jq−kij θ
k
i θjθ
k′
i = 0, ∀i 6= j ∈ I.
We set F = Q(v, q
1/2
ij ) and
(8) β(i, j) = vi·jqij, α(i, j) = qij , γ(i, j) = q
δij
ii q
1/2
ji , ∀i, j ∈ I.
In particular, β(i, i) = 1. Under the settings in (8),
fβ = fv,q.
By Theorem 1, (fv,q, ∗) is isomorphic to f⊗Q(v)Q(v, q
1/2
ij ) under the assump-
tion (7), where x ∗ y = γ(|x|, |y|)xy.
Example 4. Recall the definition of the multi-parameter quantum super-
algebra fs,p from [KKO, Section 2]. For a fixed bar-consistent super Cartan
datum (I, ·), let s := {sij}i,j∈I and p := ({pij}i,j∈I , {pi}i∈I) be families of
invertible elements of a commutative ring Q(p
1/(2di)
i , sij, pij) such that
(9) p2ij = p
2aij
i , (pijpji)/(sijsji) = p
2aij
i , and pii/sii = p
2
i , ∀i, j ∈ I.
The condition (9) implies
(10) p
2aij
i = p
2aji
j , (sijsji)
2 = 1, and sijsji = p
−1
ij pji.
We further assume that
(11) pi = vihi such that h
2
i = 1, ∀i ∈ I.
The multi-parameter quantum superalgebra fs,p associated to (I, ·) is the
associative Q(v1/2, sij , pij)-algebra generated by θi,∀i ∈ I and subjects to
the following relations.∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
skjip
−k
ji v
kaij
i θ
k
i θjθ
k′
i = 0, ∀i 6= j ∈ I.
We set F = Q(v1/2, sij, pij) and
(12) β(i, j) = s−1ji pjiv
−aij
i , α(i, j) = sijp
−1
ij , ∀i, j ∈ I.
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In particular, β(i, i) = 1. We further fix an order “ < ” on I and set
γ(i, j) =


s−1ij h
aij
i sji if j < i,
sii if j = i,
pijp
−aji
j s
−1
ji if j > i.
Under the settings in (12),
fβ = fs,p.
By Theorem 1, (fs,p, ∗) is isomorphic to f ⊗Q(v) Q(v
1/2, sij , qij) under the
assumption (11), where x ∗ y = γ(|x|, |y|)xy.
Example 5. Recall the definition of the multi-parameter quantum super-
algebra fs˜,p˜ from [KKO, Section 3]. For a fixed bar-consistent super Cartan
datum (I, ·), let s˜ := {s˜ij}i,j∈I and p˜ := {p˜i}i∈I be families of invertible
elements of a commutative ring Q(p˜
1/(2di)
i , s˜ij) such that
s˜ij s˜ji = p˜
−aij
i , and s˜ii = p˜
−1
i , ∀i, j ∈ I.
We further assume that
(13) p˜i = v
2
i , ∀i ∈ I.
The multi-parameter quantum superalgebra fs˜,p˜ associated to (I, ·) is the
associative Q(v, s˜ij)-algebra generated by θi,∀i ∈ I and subjects to the
following relations.∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
(s˜ij p˜
aij/2
i )
−kθki θjθ
k′
i = 0, ∀i 6= j ∈ I.
We set F = Q(v, s˜ij) and
(14) β(i, j) = s˜ij(p˜i)
aij/2, α(i, j) = s˜ij, ∀i, j ∈ I.
In particular, β(i, i) = 1. We further fix an order “ < ” on I and set
γ(i, j) =


s˜ji if j < i,
s˜3ii if j = i,
p˜
−aij/2
i if j > i.
Under the settings in (14),
fβ = fs˜,p˜.
By Theorem 1, (fs˜,p˜, ∗) is isomorphic to f ⊗Q(v) Q(v, s˜ij) under the assump-
tion (13), where x ∗ y = γ(|x|, |y|)xy.
3. Drinfeld double of fβ
3.1. We review briefly the Drinfeld double construction in [X97]. For a
Hopf algebra A, we shall denote by ∆A, εA and SA its comultiplication,
counit and antipode, respectively.
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Definition 1. [X97, Section 2.2] Given F-Hopf algebras A and B, a skew-
Hopf pairing of A and B is a bilinear form ψ : A×B → F satisfying
(a) ψ(1, y) = εB(y), ψ(x, 1) = εA(x);
(b) ψ(x, y′y′′) = ψ(∆A(x), y
′ ⊗ y′′);
(c) ψ(x′x′′, y) = ψ(x′ ⊗ x′′,∆opB (y));
(d) ψ(SA(x), y) = ψ(x, S
−1
B (y)), ∀x, x
′, x′′ ∈ A, y, y′, y′′ ∈ B,
where ψ(x′ ⊗ x′′, y′ ⊗ y′′) = ψ(x′, y′)ψ(x′′, y′′) and ∆opB (y) =
∑
y2 ⊗ y1 if
∆B(y) =
∑
y1 ⊗ y2.
Proposition 3. [X97, Proposition 2.4] Let ψ : A × B → F be a skew-
Hopf pairing. Then A⊗B has a Hopf algebra structure. Moreover, for any
x, x′ ∈ A, y, y′ ∈ B, the algebra structure on A⊗B is defined by
(i) (x⊗ 1)(x′ ⊗ 1) = xx′ ⊗ 1;
(ii) (1 ⊗ y)(1 ⊗ y′) = 1⊗ yy′;
(iii) (x⊗ 1)(1 ⊗ y) = x⊗ y;
(iv) (1 ⊗ y)(x⊗ 1) =
∑
ψ(x1, SB(y1))x2 ⊗ y2ψ(x3, y3),
where ∆2A(x) =
∑
x1 ⊗ x2 ⊗ x3 and ∆
2
B(y) =
∑
y1 ⊗ y2 ⊗ y3.
And the comultiplication ∆A⊗B, counit εA⊗B and antipode SA⊗B of A⊗B
are given as follows.
∆A⊗B(x⊗ y) =
∑
(x1 ⊗ y1)⊗ (x2 ⊗ y2),
εA⊗B(x⊗ y) = εA(x)εB(y),
SA⊗B(x⊗ y) = (1⊗ SB(y))(SA(x)⊗ 1), ∀x ∈ A, y ∈ B,
where ∆A(x) =
∑
x1 ⊗ x2 and ∆B(y) =
∑
y1 ⊗ y2.
3.2. The Hopf algebras ′̂f+ and ′̂f−. Let H (resp. H′) be the commutative
F-algebra generated by K±1i , J
±1
i (resp. K
′±1
i , J
′±1
i ) for all i ∈ I and subject
to the relations KiK
−1
i = 1, JiJ
−1
i = 1 (resp. K
′
iK
′−1
i = 1, J
′
iJ
′−1
i = 1).
Let ξ : N[I]× N[I]→ F be a symmetric multiplicative bilinear form such
that ξ(i, i)1/2 ∈ F, ∀i ∈ I.
Recall that β(−,−) is a multiplicative bilinear form defined in Section
2.1. We set
〈i, j〉 = v−i·jβ(i, j)ξ(j, i), ∀i, j ∈ I,
which is also a multiplicative bilinear form on N[I]×N[I].
To distinguish, we shall write ′f+ (resp. ′f−) the free F-algebra generated
by Ei (resp. Fi), for all i ∈ I. We denote the algebra isomorphism by ι
+ :
′f → ′f+ with ι+(θi) = Ei and the algebra anti-isomorphism by ι
− : ′f → ′f−
with ι−(θi) = Fi.
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We set ′̂f+ = ′f+ ⋊ H and ′̂f− = ′f− ⋊ H′, where the H-action (resp. H′-
action) on ′f+ (resp. ′f−) is defined by
Ki ·Ej := KiEjK
−1
i = 〈i, j〉Ej , Ji · Ej := JiEjJ
−1
i = ξ(j, i)Ej ,
K ′i · Fj := K
′
iFjK
′−1
i = 〈j, i〉ξ(i, j)
−1Fj , J
′
i · Fj := J
′
iFjJ
′−1
i = Fj ,∀i, j ∈ I.
Moreover, the graded structure on ′f+ (resp. ′f−) can be extended to ′̂f+
(resp. ′̂f−) by setting |Ki| = |K
′
i| = 0 and |Ji| = |J
′
i | = 0 for all i ∈ I.
The Hopf algebra structure (∆+, ε+, S+) (resp. (∆−, ε−, S−)) on ′̂f+
(resp. ′̂f−) is given as follows.
∆+(Ei) = Ei ⊗ Ji +Ki ⊗ Ei, ∆+(K
±1
i ) = K
±1
i ⊗K
±1
i ,
∆−(Fi) = J
′
i ⊗ Fi + Fi ⊗K
′
i, ∆−(K
′±1
i ) = K
′±1
i ⊗K
′±1
i ,
∆+(J
±1
i ) = J
±1
i ⊗ J
±1
i , ∆−(J
′±1
i ) = J
′±1
i ⊗ J
′±1
i ,
ε+(K
±1
i ) = ε+(J
±1
i ) = 1, ε+(Ei) = 0,
ε−(K
′±1
i ) = ε−(J
′±1
i ) = 1, ε−(Fi) = 0,
S+(Ei) = −K
−1
i EiJ
−1
i , S+(K
±1
i ) = K
∓1
i , S+(J
±1
i ) = J
∓1
i ,
S−(Fi) = −J
′−1
i FiK
′−1
i , S−(K
′±1
i ) = K
′∓1
i , S−(J
′±1
i ) = J
′∓1
i .
3.3. Skew Hopf pairing. For any ν ∈ Z[I] and j ∈ I, we define F-linear
maps jS, Jν and Kν from ′̂f− to itself by
Kν(K
′
τ1xJ
′
τ2) = 〈ν, τ1〉〈ν, |x|〉K
′
τ1xJ
′
τ2 ,
Jν(K
′
τ1xJ
′
τ2) = ξ(τ1, ν)ξ(|x|, ν)K
′
τ1xJ
′
τ2 , ∀τ1, τ2 ∈ Z[I], x ∈
′f−,
jS(K
′
τ1J
′
τ2) = 0, jS(Fi) = δijξ(i, j), and
jS(xy) = jS(x)Jj(y) +Kj(x)jS(y).
(15)
It is clear that Kν and Jν are well defined. We now check that jS is also
well defined. The commutative relations on H′ are trivial. By the definition
of lS, for any i, j, l ∈ I, we have
lS(K
′
iFj) = δjl〈j, i〉ξ(j, l)K
′
i = 〈j, i〉ξ(i, j)
−1
lS(FjK
′
i),
lS(J
′
iFj) = δjlξ(j, l)J
′
i = lS(FjJ
′
i).
This shows lS is well defined. We note that |lS(x)| = |x| − l if |x|l 6= 0.
Lemma 4. The assignment Ej 7→ (v
−1
j − vj)
−1
jS,Kν 7→ Kν and Jν 7→ Jν
defines an algebra anti-homomorphism ρ+ : ′̂f+ → HomF(′̂f−, ′̂f−).
Proof. For any i, j ∈ I, τ1, τ2 ∈ Z[I] and x ∈
′f−, we have
jS(Ki(K
′
τ1xJ
′
τ2)) = 〈i, τ1〉〈i, |x|〉〈j, τ1〉K
′
τ1 jS(x)J
′
τ2 , and
Ki(jS(K
′
τ1xJ
′
τ2)) = 〈i, τ1〉〈i, |x| − j〉〈j, τ1〉K
′
τ1 jS(x)J
′
τ2 .
This shows that ρ+(KiEj) = 〈i, j〉ρ
+(EjKi).
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Similarly, for any i, j ∈ I, τ1, τ2 ∈ Z[I] and x ∈
′f−, we have
jS(Ji(K
′
τ1xJ
′
τ2)) = 〈j, τ1〉ξ(|x|, i)ξ(τ1, i)K
′
τ1 jS(x)Jτ2 , and
Ji( jS(K
′
τ1xJ
′
τ2)) = 〈j, τ1〉ξ(|x| − j, i)ξ(τ1, i)K
′
τ1 jS(x)J
′
τ2 .
This shows that ρ+(JiEj) = ξ(j, i)ρ
+(EjJi). The other defining relations
for ′̂f+ are straightforward. 
We define a bilinear form φ : ′̂f+ × ′̂f− → F by
(16) φ(x, y) = ε−(ρ
+(x)y), ∀x ∈ ′̂f+, y ∈ ′̂f−.
The bilinear form φ is well defined. It is clear that φ(x, y) = 0 if x, y are
homogenous with different gradings.
Moreover, for any ν1, ν2, τ1, τ2 ∈ Z[I] and any x ∈
′f+, y ∈ ′f−, we have
φ(Kν1xJν2 ,K
′
τ1yJ
′
τ2) = 〈ν1, τ1〉〈ν1, |y|〉〈|x|, τ1〉ξ(τ1, ν2)φ(x, y).(17)
This can be shown as follows.
φ(Kν1xJν2 ,K
′
τ1yJ
′
τ2) = ε−(Jν2(xS(Kν1(K
′
τ1yJ
′
τ2))))
=〈ν1, τ1〉〈ν1, |y|〉〈|x|, τ1〉ε−(Jν2(K
′
τ1xS(y)J
′
τ2))
=〈ν1, τ1〉〈ν1, |y|〉〈|x|, τ1〉ξ(τ1, ν2)φ(x, y),
where xS = ρ
+(x). It’s clear |xS(y)| = 0.
Proposition 4. The bilinear form φ defined in (16) is a skew Hopf pairing.
Proof. Part (a) in Definition 1 follows directly from the definition of φ.
We show (b) in Definition 1. For any ν1, ν2, µ1, µ2, τ1, τ2 ∈ Z[I] and any
x ∈ ′f+, y′, y′′ ∈ ′f−, by (17), we have
φ(Kν1xJν2 ,K
′
µ1y
′J ′µ2K
′
τ1y
′′J ′τ2) =
〈|y′|, τ1〉
−1ξ(τ1, |y
′|)〈ν1 + |x|, µ1 + τ1〉〈ν1, |x|〉ξ(µ1 + τ1, ν2)φ(x, y
′y′′).
(18)
By the definition of ∆+, we may write ∆+(x) =
∑
K|x2|x1⊗ x2J|x1| with
x1, x2 ∈
′f+. By (17), we have
φ(∆+(Kν1xJν2),K
′
µ1y
′J ′µ2 ⊗K
′
τ1y
′′J ′τ2) = 〈|x2|, τ1〉ξ(τ1, |x1|)
〈|x|, µ1〉〈ν1, µ1 + τ1 + |x|〉ξ(µ1 + τ1, ν2)φ(∆+(x), y
′ ⊗ y′′).
(19)
By comparing (18) and (19) with |x1| = |y
′|, |x2| = |y
′′|, (b) is reduced to
(20) φ(x, y′y′′) = φ(∆+(x), y
′ ⊗ y′′),
where φ(x′⊗x′′, y′⊗y′′) = φ(x′, y′)φ(x′′, y′′), for all x, x′, x′′ ∈ ′f+, y′, y′′ ∈ ′f−.
Let us simply write ∆+(x) =
∑
x1⊗ x2 with x1, x2 ∈ ′̂f+, not necessarily
in ′f+. By the definition of φ , (20) is equivalent to
(21) ρ+(x)(y′y′′) =
∑
ρ+(x1)(y
′)ρ+(x2)(y
′′).
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We show (21) by induction on |x|. If x = Ei, (21) can be directly shown by
the definition of φ. Assume that (21) holds for x′, x′′. We write ∆+(x
′) =∑
x′1⊗ x
′
2 and ∆+(x
′′) =
∑
x′′1 ⊗ x
′′
2. Then ∆+(x
′x′′) =
∑
x′1x
′′
1 ⊗ x
′
2x
′′
2 and
ρ+(x′x′′)(y′y′′) = ρ+(x′′)ρ+(x′)(y′y′′)
=
∑
ρ+(x′′1)ρ
+(x′1)(y
′)ρ+(x′′2)ρ
+(x′2)(y
′′)
=
∑
ρ+(x′1x
′′
1)(y
′)ρ+(x′2x
′′
2)(y
′′).
This proves (21) and, therefore, (b).
We show (c) in Definition 1. By using (17) and a similar argument as we
did for (b), (c) is reduced to
(22) φ(x′x′′, y) = φ(x′ ⊗ x′′,∆op− (y)), ∀x
′, x′′ ∈ ′f+, y ∈ ′f−.
We show (22) by induction on |y|. The case that y = Fi is straightfor-
ward. Assume that (22) holds for y′, y′′ in the second component. We write
∆op− (y
′) =
∑
y′1 ⊗ y
′
2 and ∆
op
− (y
′′) =
∑
y′′1 ⊗ y
′′
2 . By (20), we have
φ(x′x′′, y′y′′) = φ(∆+(x
′x′′), y′ ⊗ y′′) =
∑
φ(x′1x
′′
1, y
′)φ(x′2x
′′
2 , y
′′)
=
∑
φ(x′1 ⊗ x
′′
1,∆
op
− (y
′))φ(x′2 ⊗ x
′′
2 ,∆
op
− (y
′′))
=
∑
φ(x′1, y
′
1)φ(x
′
2, y
′′
1)φ(x
′′
1 , y
′
2)φ(x
′′
2 , y
′′
2 )
=
∑
φ(x′, y′1y
′′
1)φ(x
′′, y′2y
′′
2)
=
∑
φ(x′ ⊗ x′′, y′1y
′′
1 ⊗ y
′
2y
′′
2) = φ(x
′ ⊗ x′′,∆op− (y
′y′′)).
This proves (c).
We now show (d) in Definition 1. By definition of S+, for any x ∈
′f+,
S′+(x) = K−|x|x
′J−|x| with x
′ ∈ ′f+ and |x′| = |x|, where K−|x| = K
−1
|x|
and J−|x| = J
−1
|x| . Since S
′−1
− (Fi) = −K
′−1
i FiJ
′−1
i , for any y ∈
′f−, we can
write S′−1− (y) = K
′
−|y|y
′J ′−|y| with y
′ ∈ ′f− and |y′| = |y|. By (17), for any
ν1, ν2, τ1, τ2 ∈ Z[I] and any x ∈
′f+, y ∈ ′f−, we have
φ(S+(Kν1xJν2),K
′
τ1yJ
′
τ2)
= 〈−ν1, τ1〉〈ν1, |x|〉〈−ν1, |y|〉ξ(|x|, ν2)
−1ξ(τ1,−ν2 − |x|)φ(S+(x), y);
φ(Kν1xJν2 , S
′−1
− (K
′
τ1yJ
′
τ2))
= 〈|y|, τ1〉〈|x|,−τ1〉〈ν1,−τ1〉ξ(−τ1 − |y|, ν2)ξ(τ1, |y|)
−1φ(x, S′−1− (y)).
(23)
By using |x| = |y| and comparing two identities in (23), (d) is reduced to
(24) φ(S+(x), y) = φ(x, S
′−1
− (y)), ∀x ∈
′f+, y ∈ ′f−.
We show (24) by induction on |x|. The case that x = Ei is straightforward.
Assume that (24) holds for x′, y′ and x′′, y′′, respectively. We write ∆−(y
′) =∑
y′1 ⊗ y
′
2 and ∆−(y
′′) =
∑
y′′1 ⊗ y
′′
2 .
Recall that ∆op− S
′−1
− = τ12(S
′−1
− ⊗ S
′−1
− )∆
op
− , where τ12 is the operator
interchanging the first and second component of the tensors. By using this
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identity, we have
φ(S+(x
′x′′), y′y′′) = φ(S+(x
′′)⊗ S+(x
′),∆op− (y
′y′′))
=
∑
φ(x′′, S′−1− (y
′
2y
′′
2))φ(x
′, S′−1− (y
′
1y
′′
1))
= φ(x′ ⊗ x′′, τ12(S
′−1
− ⊗ S
′−1
− )∆
op
− (y
′y′′))
= φ(x′ ⊗ x′′,∆op− S
′−1
− (y
′y′′))
= φ(x′x′′, S′−1− (y
′y′′)).
This finishes the proof. 
Recall Dij from (1), denoted by Ĵ+ (resp. Ĵ−) the ideal of ′̂f+ (resp. ′̂f−)
generated by ι+(Dij) (resp. ι
−(Dij)). Let
f̂+ = ′̂f+/Ĵ+ and f̂− = ′̂f−/Ĵ−.
In the rest of this subsection, we shall show that φ induces a well-defined
skew-Hopf pairing f̂+ × f̂− → F.
Similarly, for any ν, τ1, τ2 ∈ Z[I] and any i, j ∈ I, we define F-linear maps
Sj, J
′
ν and K
′
ν from
′̂f+ to itself by
K′ν(Kτ1xJτ2) = 〈τ1, ν〉〈|x|, ν〉ξ(ν, |x|)
−1ξ(ν, τ2)Kτ1xJτ2 ,
J ′ν(Kτ1xJτ2) = Kτ1xJτ2 , ∀τ1, τ2 ∈ Z[I], x ∈
′f+,
Sj(Kτ1Jτ2) = 0, Sj(Ei) = δij , and Sj(xy) = Sj(x)y +K
′
j(x)Sj(y).
(25)
A direct calculation shows that these maps are well defined.
Let G(i) = ξ(i, i)1/2,∀i ∈ I. In general, there are two different choices for
G(i), we shall choose one such that
G(ν1)G(ν2)ξ(ν2, ν1) = G(ν1 + ν2), ∀ν1, ν2 ∈ N[I].(26)
Let ρ− : ′̂f− → HomF(′̂f+, ′̂f+) be the map defined by
Fj 7→
G(j)
v−1j − vj
Sj, K
′
ν 7→ K
′
ν and J
′
ν 7→ J
′
ν .
Then we have the following lemma.
Lemma 5. (i) ρ− is an algebra anti-homomorphism.
(ii) For any y ∈ ′f−, x′, x′′ ∈ ′f+, we have
ρ−(y)(x′x′′) =
∑
ρ−(y2)(x
′)ρ−(y1)(x
′′),
where ∆−(y) =
∑
y1 ⊗ y2.
The proof is similar to those for Lemma 4 and (21).
We now define a new bilinear form φ′ : ′̂f+ × ′̂f− → F by
φ′(x, y) = ε+(ρ
−(y)x), ∀x ∈ ′̂f+, y ∈ ′̂f−.
The bilinear form φ′ is well defined.
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By Lemma 5(ii), we have
φ′(x′x′′, y) = φ′(x′ ⊗ x′′,∆op− (y)),
where φ′(x′ ⊗ x′′, y′ ⊗ y′′) = φ′(x′, y′)φ′(x′′, y′′), for all x′, x′′ ∈ ′f+, y, y′, y′′ ∈
′f−.
Moreover, for any ν1, ν2, τ1, τ2 ∈ Z[I] and x ∈
′f+, y ∈ ′f−, we have
φ′(Kν1xJν2 ,K
′
τ1yJ
′
τ2) =
〈ν1, τ1〉〈ν1, |y|〉〈|x|, τ1〉ξ(τ1, |x|)
−1ξ(τ1, ν2)φ
′(x, y).
(27)
This equality can be directly checked by the definition of φ′. We notice that
the coefficient on the right hand side of (27) is different from the one in (17).
The difference is ξ(τ1, |x|)
−1.
Lemma 6. For any homogenous elements x ∈ ′f+ and y ∈ ′f−, we have
φ(x, y) = G(|x|)φ′(x, y).
Proof. We show it by induction on |x|. If |x| = i, we have
φ(Ei, Fj) = δij
ξ(i, i)
v−1i − vi
= G(i)φ′(Ei, Fj).
Assume that the lemma holds for x′, x′′ ∈ ′f+ in the first component. For
any y ∈ ′f−, we write ∆op− (y) =
∑
K ′|y1|y2 ⊗ y1J
′
|y2|
with y1, y2 ∈
′f−. Then
we have
φ(x′x′′, y) =
∑
φ(x′,K ′|y1|y2)φ(x
′′, y1J
′
|y2|
)
=
∑
〈|x′|, |y1|〉G(|x
′|)G(|x′′|)φ′(x′, y2)φ
′(x′′, y1)
=
∑
G(|x′|)G(|x′′|)ξ(|y1|, |x
′|)φ′(x′,K ′|y1|y2)φ
′(x′′, y1J
′
|y2|
)
=G(|x′|+ |x′′|)φ′(x′x′′, y).
Here we use the fact that |x′′| = |y1|. This finishes the proof. 
By Proposition 2, we have
(28) lr(Dij) = 0 = rl(Dij), ∀i 6= j, l ∈ I.
By comparing the definition of lr with that of Sl in (25) , we have
(29) Sl|′f+ ◦ ι
+ = ι+ ◦ lr.
Lemma 7. For any homogenous elements x ∈ ′f and i ∈ I, we have
iS|′f− ◦ ι
−(x) = ξ(|x−|, i)ι− ◦ ri(x),
where x− = ι−(x).
Proof. We show it by induction on |x−|. Recall the definition of iS from
(15), the case that |x−| = j is trivial. Assume that the lemma holds for x, y.
16 Z. FAN AND J. XING
Then we have
iS|′f− ◦ ι
−(xy) = ξ(|x−|, i)iS|′f−(y
−)x− + 〈i, |y−|〉y−iS|′f−(x
−)
=ξ(|x−|+ |y−|, i) ι− ◦ ri(y)x
− + 〈i, |y−|〉ξ(|x−|, i)y− ι− ◦ ri(x)
=ξ(|x−|+ |y−|, i) (ι− ◦ ri(y)x
− + 〈i, |y−|〉ξ(|y−|, i)−1y− ι− ◦ ri(x))
=ξ(|x−|+ |y−|, i) ι− ◦ ri(xy).
Lemma is proved. 
By (28), (29) and Lemma 7, we have
Sl(ι
+(Dij)) = ι
+ ◦ lr(Dij) = 0,
lS(ι
−(Dij)) = ξ(|D
−
ij |, l)ι
− ◦ rl(Dij) = 0, ∀i 6= j, l ∈ I.
(30)
Corollary 1. The bilinear form φ induces a well defined skew-Hopf pairing
f̂+ × f̂− → F.
Proof. By the definition of f̂+ and f̂−, it is enough to show that Ĵ+ and Ĵ−
are in the radical of φ, i.e., φ(ι+(Dij), y) = 0 = φ(x, ι
−(Dij)) for any i 6= j,
x ∈ ′̂f+ and y ∈ ′̂f−. By (17), we may assume that x ∈ ′f+ and y ∈ ′f−. If
|x| = |y| = 0, there is nothing to show. We now assume that |x| and |y| are
not equal to zero. Then we can write x = Elx
′ for some l. By the definition
of φ and (30), we have
φ(x, ι−(Dij)) = ε−(ρ
+(x′)lS(ι
−(Dij))) = 0, ∀i 6= j.
Similarly, φ′(ι+(Dij , y)) = 0 for any i 6= j. By Lemma 6 , we have
φ(ι+(Dij), y) = G(|Dij |)φ
′(ι+(Dij), y) = 0, ∀i 6= j.
This finishes the proof. 
By Proposition 3, there is a Hopf algebra structure on f̂+ ⊗ f̂−, denoted
this Hopf algebra by Uβ,ξ.
3.4. Algebraic presentation of Uβ,ξ. It is clear that Uβ,ξ is generated
by Ei, Fi, J
±1
i , J
′±1
i ,K
±1
i and K
′±1
i for all i ∈ I. We now calculate defining
relations of Uβ,ξ in these generators.
Since f̂+ and f̂− can be thought as subalgebras of Uβ,ξ, the algebra
Uβ,ξ carries on all defining relations of f̂
+ and f̂−. It is easy to show that
J±1i , J
′±1
i ,K
±1
i and K
′±1
i commute with each other.
Since ∆2−(J
′
i) = J
′
i ⊗ J
′
i ⊗ J
′
i , ∆
2
−(K
′
i) = K
′
i ⊗K
′
i ⊗K
′
i and
(31) ∆2+(Ei) = Ei ⊗ Ji ⊗ Ji +Ki ⊗ Ei ⊗ Ji +Ki ⊗Ki ⊗Ei,
by (iii) in Proposition 3, we have
K ′iEj = φ(Kj ,K
′−1
i )EjK
′
iφ(Jj ,K
′
i) = 〈j, i〉
−1ξ(i, j)EjK
′
i, and
J ′iEj = φ(Kj , J
′−1
i )EjJ
′
iφ(Jj , J
′
i) = EjJ
′
i .
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Since ∆2+(Ji) = Ji ⊗ Ji ⊗ Ji, ∆
2
+(Ki) = Ki ⊗Ki ⊗Ki and
(32) ∆2−(Fi) = J
′
i ⊗ J
′
i ⊗ Fi + J
′
i ⊗ Fi ⊗K
′
i + Fi ⊗K
′
i ⊗K
′
i,
we have
FjKi = φ(Ki, J
′−1
j )KiFjφ(Ki,K
′
j) = 〈i, j〉KiFj , and
FjJi = φ(Ji, J
′−1
i )JiFjφ(Ji,K
′
j) = ξ(j, i)JiFj .
Similarly, by (31) and (32), we have
FjEi = φ(Ei,−J
′−1
j FjK
′−1
j )JiK
′
jφ(Ji,K
′
j) + EiFjφ(Ji,K
′
j) +KiJ
′
jφ(Ei, Fj)
= ξ(j, i)EiFj + δij
ξ(j, i)
v−1i − vi
(KiJ
′
j − JiK
′
j).
Summarizing up, we have the following presentation of Uβ,ξ generated by
symbols Ei, Fi, J
±1
i , J
′±1
i ,K
±1
i ,K
′±1
i , ∀i ∈ I, and subjects to the following
relations.
(R1) J±1i , J
′±1
i ,K
±1
i and K
′±1
i commute with each other,
K±1i K
∓1
i = K
′±1
i K
′∓1
i = J
±1
i J
∓1
i = J
′±1
i J
′∓1
i = 1.
(R2) KiEj = 〈i, j〉EjKi, K
′
iEj = 〈j, i〉
−1ξ(i, j)EjK
′
i,
KiFj = 〈i, j〉
−1FjKi, K
′
iFj = 〈j, i〉ξ(i, j)
−1FjK
′
i,
JiEj = ξ(j, i)EjJi, J
′
iEj = EjJ
′
i ,
JiFj = ξ(j, i)
−1FjJi, J
′
iFj = FjJ
′
i .
(R3) EiFj − ξ(j, i)
−1FjEi = δij
KiJ
′
i − JiK
′
i
vi − v
−1
i
.
(R4)
∑
k+k′=1−aij
(−1)k(β(i, j))−kE
(k)
i EjE
(k′)
i = 0, if i 6= j,
∑
k+k′=1−aij
(−1)k(β(i, j))−kF
(k′)
i FjF
(k)
i = 0, if i 6= j.
We note that Uβ,ξ admits a triangle decomposition Uβ,ξ ≃ U
+⊗U0⊗U−
by repeating the argument for ordinary quantum groups word by word,
where U+ (resp. U0 or U−) is a subalgebra of Uβ,ξ generated by Ei (resp.
J±1i , J
′±1
i ,K
±1
i ,K
′±1
i or Fi) for all i ∈ I.
3.5. Hopf algebra structure on Uβ,ξ. By Proposition 3, Uβ,ξ has a Hopf
algebra structure with the comultiplication ∆, the counit ε and the antipode
S given as follows.
∆(Ei) = Ei ⊗ Ji +Ki ⊗ Ei, ∆(K
±1
i ) = K
±1
i ⊗K
±1
i ,
∆(Fi) = J
′
i ⊗ Fi + Fi ⊗K
′
i, ∆(K
′±1
i ) = K
′±1
i ⊗K
′±1
i ,
∆(J±1i ) = J
±1
i ⊗ J
±1
i , ∆(J
′±1
i ) = J
′±1
i ⊗ J
′±1
i ,
ε(K±1i ) = ε(J
±1
i ) = 1, ε(Ei) = 0,
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ε(K ′±1i ) = ε(J
′±1
i ) = 1, ε(Fi) = 0,
S(Ei) = −K
−1
i EiJ
−1
i , S(K
±1
i ) = K
∓1
i , S(J
±1
i ) = J
∓1
i ,
S(Fi) = −J
′−1
i FiK
′−1
i , S(K
′±1
i ) = K
′∓1
i , S(J
′±1
i ) = J
′∓1
i .
4. Specializations of Uβ,ξ
In this section, we shall show that various quantum algebras in Section 2.3
admit a Drinfeld double construction by specializing the parameters β(i, j)
and ξ(i, j), for all i, j ∈ I.
4.1. The entire two-parameter quantum algebras. In the case of the
two-parameter quantum algebra (see Example 1), we set
β(i, j) = tΩji−Ωij and ξ(i, j) = 1, ∀i, j ∈ I.
Let G(ν) = 1 for all ν ∈ N[I], then (26) holds.
Under these settings, we get the following presentation of an entire two-
parameter quantum algebra Uv,t, generated by symbols Ei, Fi,K
±1
i ,K
′±1
i ,
J±1i , J
′±1
i , ∀i ∈ I, and subjects to the following relations.
(R11) J
±1
i , J
′±1
i ,K
±1
i and K
′±1
i commute with each other,
K±1i K
∓1
i = K
′±1
i K
′∓1
i = J
±1
i J
∓1
i = J
′±1
i J
′∓1
i = 1.
(R12) KiEjK
−1
i = v
−i·jtΩji−ΩijEj , K
′
iEjK
′−1
i = v
i·jtΩji−ΩijEj,
K ′iFjK
′−1
i = v
−i·jtΩij−ΩjiFj , KiFjK
−1
i = v
i·jtΩij−ΩjiFj ,
JiEjJ
−1
i = Ej , J
′
iEjJ
′−1
i = Ej , JiFjJ
−1
i = Fj , J
′
iFjJ
′−1
i = Fj .
(R13) EiFj − FjEi = δij
KiJ
′
i − JiK
′
i
vi − v
−1
i
.
(R14)
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
tk(Ωij−Ωji)Eki EjE
k′
i = 0, if i 6= j,
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
tk(Ωij−Ωji)F k
′
i FjF
k
i = 0, if i 6= j.
Let Uv,t be the two-parameter quantum algebra in [FL] associated to (I, ·).
Proposition 5. The map Φ : Uv,t → Uv,t/〈Ji − 1, J
′
i − 1〉 sending Ei 7→ Fi,
Fi 7→ Ei, Ki 7→ −Ki and K
′
i 7→ −K
′
i for all i ∈ I is a Q(v, t)-algebra
isomorphism.
By Proposition 5, if we set Ji = J
′
i = 1 in Section 3, then the construction
in Section 3 provides a Drinfeld double construction of Uv,t. This recovers
the results in [BGH, BW].
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4.2. The entire quantum superalgebras. In the case of the quantum
superalgebra (see Example 2), we set
ξ(i, j) = t2P(i)P(j) and β(i, j) = ti·jt2P(i)P(j), ∀i, j ∈ I,
where t = i.
Then, 〈i, j〉 = (v−1t)i·j. We have
ξ(i, j)ξ(j, i) = 1 and 〈i, j〉 = 〈j, i〉, ∀i, j ∈ I.
Let G(ν) = t(P(ν))
2
for all ν ∈ N[I], where P(ν) =
∑
i νiP(i). It’s easy to
check that G(ν) satisfies (26). Under these settings, we have the following
presentation of an entire quantum superalgebra Uv,i generated by symbols
Ei, Fi, J
±1
i , J
′±1
i ,K
±1
i ,K
′±1
i , ∀i ∈ I, and subjects to the following relations.
(R21) J
±1
i , J
′±1
i ,K
±1
i and K
′±1
i commute with each other,
K±1i K
∓1
i = K
′±1
i K
′∓1
i = J
±1
i J
∓1
i = J
′±1
i J
′∓1
i = 1.
(R22) KiEj = v
−i·jti·jEjKi, K
′
iEj = v
i·jt−i·jt2P(i)P(j)EjK
′
i,
KiFj = v
i·jt−i·jFjKi, K
′
iFj = v
−i·jti·jt2P(i)P(j)FjK
′
i,
JiEj = t
2P(i)P(j)EjJi, J
′
iEj = EjJ
′
i ,
JiFj = t
2P(i)P(j)FjJi, J
′
iFj = FjJ
′
i .
(R23) EiFj − t
2P(i)P(j)FjEi = δij
KiJ
′
i − JiK
′
i
vi − v
−1
i
.
(R24)
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
tki·j+2kP(i)P(j)Eki EjE
k′
i = 0, if i 6= j,
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
tki·j+2kP(i)P(j)F k
′
i FjF
k
i = 0, if i 6= j.
Let Uq,i be the quantum superalgebra defined in [CHW] associated to (I, ·)
which is a bar-consistent super Cartan datum. Let I be the ideal of Uv,i
generated by {KiK
′
iJi − 1, ∀i ∈ I}, and U
sq
v,i the subalgebra of Uv,i/I
generated by Ei, Fi, J
′±
i , K
±
i and (JiK
′
i)
±. Then we have the following
proposition.
Proposition 6. The map ς : Uq,i → U
sq
v,i sending
q 7→ v−1t, Ei 7→ Ei, Fi 7→ Fi, Ji 7→ t
2
i J
′
i , Ki 7→ t
−1
i Ki, ∀ i ∈ I
is a Q-algebra isomorphism.
4.3. The entire Multi-parameter quantum algebras. In the case of
the multi-parameter quantum algebra (see Example 3), we set
β(i, j) = vi·jqij and ξ(i, j) = 1, ∀i, j ∈ I.
Let G(ν) = 1 for all ν ∈ N[I], then (26) holds.
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Under these settings, we get the following presentation of an entire multi-
parameter quantum algebra Uv,q, generated by symbols Ei, Fi,K
±1
i ,K
′±1
i ,
J±1i , J
′±1
i , ∀i ∈ I, and subjects to the following relations.
(R31) J
±1
i , J
′±1
i ,K
±1
i and K
′±1
i commute with each other,
K±1i K
∓1
i = K
′±1
i K
′∓1
i = J
±1
i J
∓1
i = J
′±1
i J
′∓1
i = 1.
(R32) KiEjK
−1
i = qijEj, K
′
iEjK
′−1
i = q
−1
ji Ej,
K ′iFjK
′−1
i = qjiFj , KiFjK
−1
i = q
−1
ij Fj ,
JiEjJ
−1
i = Ej , J
′
iEjJ
′−1
i = Ej , JiFjJ
−1
i = Fj , J
′
iFjJ
′−1
i = Fj .
(R33) EiFj − FjEi = δij
KiJ
′
i − JiK
′
i
vi − v
−1
i
.
(R34)
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
(vi·jqij)
−kEki EjE
k′
i = 0, if i 6= j,
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
(vi·jqij)
−kF k
′
i FjF
k
i = 0, if i 6= j.
Let Uq be the multi-parameter quantum algebra in [HPR] associated to
(I, ·).
Proposition 7. Under the assumption (7), the map Ψ : Uq → Uv,q/〈Ji −
1, J ′i − 1〉 sending ei 7→ Ei, fi 7→ Fi, ωi 7→ −viKi and ω
′
i 7→ −viK
′
i, for all
i ∈ I is a Q-algebra isomorphism.
By Proposition 5, if we set Ji = J
′
i = 1 in Section 3, then the construction
in Section 3 provides a Drinfeld double construction of Uq. This recovers
the result in [HPR].
4.4. The entire Multi-parameter quantum superalgebras I. In the
case of the multi-parameter quantum super algebra (see Example 4), we
further assume that sij = sji. Then, we set
ξ(i, j) = s−1ij and β(i, j) = s
−1
ji pjiv
−aij
i ,∀i, j ∈ I.
Let G(ν) =
∏
i,j∈I s
−ν(i)ν(j)/2
ij , for all ν ∈ N[I] (i.e. ν =
∑
i ν(i)i), then (26)
holds. Under these settings, we obtain an entire multi-parameter quantum
superalgebra Us,p, generated by symbols Ei, Fi,K
±1
i ,K
′±1
i , J
±1
i , J
′±1
i , ∀i ∈
I, and subjects to the following relations.
(R41) J
±1
i , J
′±1
i ,K
±1
i and K
′±1
i commute with each other,
K±1i K
∓1
i = K
′±1
i K
′∓1
i = J
±1
i J
∓1
i = J
′±1
i J
′∓1
i = 1.
(R42) KiEj = p
−1
ij EjKi, K
′
iEj = pjis
−1
ji EjK
′
i,
KiFj = pijFjKi, K
′
iFj = p
−1
ji sjiFjK
′
i,
JiEj = s
−1
ji EjJi, J
′
iEj = EjJ
′
i ,
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JiFj = sjiFjJi, J
′
iFj = FjJ
′
i .
(R43) EiFj − sjiFjEi = δij
KiJ
′
i − JiK
′
i
vi − v
−1
i
.
(R44)
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
skjip
−k
ji v
kaij
i E
k
i EjE
k′
i = 0, if i 6= j,
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
skjip
−k
ji v
kaij
i F
k′
i FjF
k
i = 0, if i 6= j.
By (10) and the assumption sij = sji, we have
(33) pij = pjis
−2
ji , ∀i, j ∈ I.
Let Us,p be the multi-parameter quantum superalgebra defined in [KKO,
Section 2] associated to (I, ·) which is a bar-consistent super Cartan datum.
Let J be the ideal of Us,p generated by {KiK
′
iJiJ
′
i − 1, ∀i ∈ I}, and U
sq
s,p
the subalgebra of Us,p/J generated by Ei, Fi, (K
′
iJi)
± and (KiJ
′
i)
±,∀i ∈ I.
Proposition 8. Under the assumptions (11) and sij = sji, the map Γ :
Us,p → U
sq
s,p sending ei 7→ Ei, fi 7→ Fi, Ki 7→ −hiK
′
iJi for all i ∈ I is a
Q-algebra isomorphism.
4.5. The entire Multi-parameter quantum superalgebras II. In the
case of the multi-parameter quantum superalgebra (see Example 5), we fur-
ther assume that s˜ij = s˜ji. Then, we set
ξ(i, j) = s˜−1ij and β(i, j) = s˜ij p˜
aij/2
i ,∀i, j ∈ I.
Let G(ν) =
∏
i,j∈I s˜
−ν(i)ν(j)/2
ij , for all ν ∈ N[I] (i.e., ν =
∑
i ν(i)i), then
(26) holds.
Under these settings, we obtain an entire multi-parameter quantum su-
peralgebra Us˜,p˜, generated by symbols Ei, Fi,K
±1
i ,K
′±1
i , J
±1
i , J
′±1
i , ∀i ∈ I,
and subjects to the following relations.
(R51) J
±1
i , J
′±1
i ,K
±1
i and K
′±1
i commute with each other,
K±1i K
∓1
i = K
′±1
i K
′∓1
i = J
±1
i J
∓1
i = J
′±1
i J
′∓1
i = 1.
(R52) KiEj = EjKi, K
′
iEj = s˜ij p˜
aij
i EjK
′
i,
KiFj = FjKi, K
′
iFj = s˜
−1
ij p˜
−aij
i FjK
′
i,
JiEj = s˜
−1
ji EjJi, J
′
iEj = EjJ
′
i ,
JiFj = s˜jiFjJi, J
′
iFj = FjJ
′
i .
(R53) EiFj − s˜jiFjEi = δij
KiJ
′
i − JiK
′
i
vi − v
−1
i
.
(R54)
∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
(s˜ij p˜
aij/2
i )
−kEki EjE
k′
i = 0, if i 6= j,
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∑
k+k′=1−aij
(−1)k
[
1− aij
k
]
vi
(s˜ij p˜
aij/2
i )
−kF k
′
i FjF
k
i = 0, if i 6= j.
Let Us˜,p˜ be the multi-parameter quantum superalgebra defined in [KKO,
Section 3] associated to (I, ·) which is a bar-consistent super Cartan datum.
Let L be the ideal of Us˜,p˜ generated by {KiJ
′
i + v
−1
i , ∀i ∈ I}, and U
sq
s˜,p˜ the
subalgebra of Us˜,p˜/L generated by Ei, Fi and (K
′
iJi)
±,∀i ∈ I.
Proposition 9. Under the assumptions (13) and s˜ij = s˜ji, the map σ :
Us˜,p˜ → U
sq
s˜,p˜ sending ei 7→ Ei, fi 7→ Fi and K˜i 7→ −viK
′
iJi for all i ∈ I is a
Q-algebra isomorphism.
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